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This paper investigates the effects of material viscoelasticity on
the multistable properties of structures. Much work has previously
been carried out on the behaviour of bistable and multistable
structures using elastic materials. A signiﬁcant advantage of the
assumption of elastic material properties in analysis is that a given
structure has a uniquely-deﬁned potential which is a function of its
structural conﬁguration (Thompson and Hunt, 1973). Structural
bistability is indicated by the presence of two energy ‘wells’ or
minima in the potential (Bazˇant and Cedolin, 1991). The structure
may rest unassisted in either of the two geometric conﬁgurations
corresponding to these minima. This behaviour has been shown
to be beneﬁcial for a number of systems which are required to
transition between two states, such as switches (Qiu et al., 2001;
Plante et al., 2005) and aircraft wing ﬂaps (Mattioni et al., 2008;
Daynes et al., 2010). In particular, such a system only needs sufﬁ-
cient applied actuation force to move from an initial stable conﬁg-
uration to the second stable conﬁguration. At this point the force is
no longer required and the actuation may be ceased. This can result
in substantial energy savings over multiple transitions.
The use of time-dependent, viscoelastic material means that
such conclusions may no longer be drawn. Viscoelasticity may oc-
cur when bistable structures are fabricated from compliant poly-
mers, or in bistable structures occurring in nature, for example
the Venus ﬂy trap (Forterre et al., 2005). Structures made from vis-
coelastic materials are energetically-dissipative and consequently
do not have a uniquely-deﬁned potential surface (Bazˇant and
Cedolin, 1991). Consequently it is not possible to deﬁne the notion
of stability with respect to energy minima, and alternative deﬁni-ll rights reserved.tions must be sought. Also, depending on a structure’s loading his-
tory, it may appear to be bistable for a certain time duration. This
‘temporary bistability’ and its uses are the primary focus of this
paper.
Viscoelastic materials may be represented by many different
mathematical models of varying complexity. In this paper, the
standard linear solid model is adopted (Christensen, 1982). This
is a simpliﬁed model which, nonetheless, captures the salient
features of viscoelastic behaviour. A signiﬁcant feature of material
viscoelasticity is that when the material is subjected to a step func-
tion increase in strain, the initial response indicates a certain stiff-
ness which subsequently decreases as the material relaxes. In the
case of the standard linear solid, when the material is fully relaxed
it exhibits a ﬁnite constant stiffness. The time taken for the mate-
rial to relax is characterized by means of a single time constant.
For structures that attain their bistability through prestress, for
example the CFRP laminates described in Mattioni et al. (2008) and
Daynes et al. (2010), such relaxation behaviour can be highly
detrimental to performance. The effective stiffness in a stable con-
ﬁguration is substantially reduced as stored strain energy is dissi-
pated. If a viscoelastic structure is held under load in a state that a
purely-elastic analysis indicates is stable, material relaxation
means that it may suddenly lose its stiffness and become unstable
in a phenomenon known as creep buckling (Hayman, 1978;
Minahen and Knauss, 1993). Creep buckling occurs as a result of
an externally applied force. The structures introduced in this paper
display a similar effect, but via the action of internal forces.
Following this introductory section, a problem deﬁnition which
sets the scope of the research will be presented. Then the well-
known standard linear solid viscoelastic material model will be
restated. The general equilibrium equation will be presented and
it will be seen that material relaxation occurs when such a material
is subjected to strain, and material creep results from an applied
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structure by considering its elastic response in the fully-relaxed
and fully-unrelaxed states is one of the primary techniques
adopted in this paper. A single degree of freedom system will be
introduced ﬁrst, which will be used to demonstrate the existence
of the temporary bistability phenomenon. It will also be shown
that, for given structural and material properties, cyclic behaviour
may be obtained with a single unilateral actuation. Following this a
viscoelastic continuum structure is introduced which exhibits
similar behaviour, although by means of a different structural
response.
2. Problem deﬁnition
The motivation of the work presented in this paper stems from
a large number of engineering systems that require periodic actu-
ation. An example of such a system is the proposed use of repeat-
edly-actuated polymer dimples on the surface of a wing to enable
substantial drag reduction, which in turn can improve fuel efﬁ-
ciency (Dearing et al., 2010). In this concept, in-plane actuation is
applied periodically which causes the dimples to move back and
forth. The required frequency of action is determined by the aero-
dynamics of the problem. It will be noted, however, that the actu-
ation itself requires energy, which must be subtracted from any
savings achieved by the drag reduction. It is therefore highly desir-
able that methods to reduce the actuation energy be found.
We now consider a general periodic displacement-controlled
actuation, in which a pulsing actuation displacement dact(t) is ap-
plied to a structure. This is shown schematically in the top left
quadrant of Fig. 1. If the structure is elastic, and has a single stable
state corresponding to the initial condition, the resulting system
displacement will have the form dstruct(t) indicated in the bottom
left quadrant of the ﬁgure. In words, when the actuation is applied
the structure will be instantaneously deformed, and when the
actuation is removed the structure will immediately revert to its
original conﬁguration. The required actuation power is directly
proportional to the amount of time the actuation is applied, and
is consequently determined by the required pulse frequency of
the system.
If the structure undergoing actuation is viscoelastic, however,
the response is signiﬁcantly more complicated. We now consider
a displacement-controlled actuation with the same periodicity
and half the duration as that applied to the elastic structure, shown
in the top right quadrant of Fig. 1. Possible responses to this actu-t
t
δact
δstruct
elastic
Fig. 1. Illustration of the characteristic response to pulsing displacement-controlled ac
possibility of temporary bistability which can prolong structural displacement withoutation are shown in the bottom right of the ﬁgure. The dotted line
illustrates the most common response, that is similar to the re-
sponse of the elastic structure. When the actuation is released,
the structure immediately returns to a conﬁguration close to the
initial conﬁguration. The difference from the initial conﬁguration
is caused by material relaxation during the actuation phase. The
structure then recovers to the original conﬁguration. In this case,
the frequency of the structural deformation is the same as the fre-
quency of the pulsed actuation.
For certain structures, however, the response indicated by the
unbroken line in the ﬁgure may be achieved. In this case, during
the actuation phase the viscoelastic structure may enter a ‘tempo-
rarily bistable’ conﬁguration. This point is indicated by a white dot
in the ﬁgure. When the actuation is released, the structure remains
in its newly-acquired stable state while the material recovers.
When sufﬁcient recovery has occurred, the structure then rapidly
transitions – in a self-actuated snap back – to a conﬁguration close
to the initial conﬁguration. Further recovery to the initial conﬁgu-
ration then occurs. The advantage of this response is that the tem-
porary bistability results in a structural response frequency that is
the same as for the elastic structure, which is achieved using signif-
icantly reduced actuation power.
3. Viscoelastic material model
In order to determine the behaviour of structures made from
viscoelastic material it is necessary to adopt a mathematical repre-
sentation of the material. As stated above, the standard linear solid
model, shown in Fig. 2, is used (Christensen, 1982). This one-
dimensional model consists of a single stiffness E2 in parallel with
a series combination of an additional stiffness E1 and a dashpot
with constant of proportionality g. The time-dependent stress
and strain undergone by the model are denoted r and  respec-
tively. It may readily be shown, by consideration of equilibrium
and compatibility, that the time-dependent material stress and
strain are related according to
E1 þ E2
E1
 
_þ E2
g
 
 ¼ 1
E1
 
_rþ 1
g
 
r ð1Þ
When the standard linear solid is subjected to a step increase in
strain, represented by  = H(t)0 in which H(t) is the Heaviside step
function, solution of Eq. (1) shows that the time-dependent stress is
rðtÞ ¼ EðtÞ0 ð2Þt
t
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δstruct
viscoelastic
tuation on elastic and viscoelastic systems. The viscoelastic case demonstrates the
the need of continued actuation.
E2
E1
η
σ(t)
ε(t)
σ(t)
Fig. 2. The standard linear solid viscoelastic material model.
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Fig. 3. A single rigid truss supported at both ends by elastic springs. Both
monostable and bistable conﬁgurations are possible.
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Fig. 4. Equilibrium paths for the elastic structure showing the variation of spring
stiffness K .
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EðtÞ ¼ E2 þ E1et=sc ; sc ¼ gE1 ð3Þ
It can be seen that E(t) varies between a fully-unrelaxed value
EU = E1 + E2 to a fully-relaxed value ER = E2. This means that the
behaviour of a viscoelastic structure may be bounded by consider-
ing its relaxed and unrelaxed elastic response. It is often possible
to infer the viscoelastic performance from these two extremes, as
will be demonstrated for a single degree of freedom systems and
a continuum structure below.
4. Single degree of freedom systems
Having deﬁned the properties of a general viscoelastic material
we are now in a position to investigate the effect of such a material
on a simple single degree of freedom structure. The basic structure
that is chosen is a modiﬁcation of the bistable triangular pin-
jointed truss (Bazˇant and Cedolin, 1991). The primary difference
to the conventional implementation of this structure is that the
members are assumed to be rigid. To retain the bistable response,
the base of the member is replaced with a spring. In the sections
below, the structure will ﬁrst be analysed assuming linear elastic
spring behaviour. This enables the bounding cases – unrelaxed
and relaxed – to be determined if viscoelastic springs are used in-
stead. Using these bounding cases, conclusions will be drawn
about the possible behaviour of the structure when viscoelastic
springs are used. These will be demonstrated using a ﬁnite element
numerical approach. The relaxation time sc determines the time-
scale over which material relaxation will occur.
4.1. Elastic snap-through truss
The single degree of freedom structure that is considered is
illustrated in Fig. 3. A rigid bar is oriented such that it forms the
hypotenuse of a right-angled triangle of height h and width w.
The ends of the bar, denoted A and B in the ﬁgure, are pin-jointed.
End A is constrained to displace vertically: this displacement is re-
sisted by a linear spring of stiffness KA. End B is constrained to dis-
place horizontally: this displacement is resisted by a linear spring
of stiffness KB. The single degree of freedom chosen to represent
the conﬁguration of the structure is the vertical displacement d
of end A. The force at end A, conjugate with this displacement, is
denoted P. Both springs are stress free in the initial un-deformed
conﬁguration d = 0.
By considering equilibrium of the structure in a deformed
conﬁguration, i.e. d– 0, it may be shown that the displacement-
controlled equilibrium path P(d) is expressed as
P ¼ KAdþ KB ðh dÞ  wðh dÞðw2 þ 2hd d2Þ12
 !
ð4ÞInspection of Eq. (4) shows that the force consists of two compo-
nents: a linear force associated with spring A, and a nonlinear force
associated with spring B. It may be seen that the effect of increasing
the ratio (h/w) is to increase the maximum of the absolute value of
the peak nonlinear force. It is instructive to consider the effect of
varying the stiffness of spring A on the general behaviour of the
structure for a given value of (h/w).
The equilibrium paths resulting from different values of KA are
shown in Fig. 4. The ﬁrst case to consider is when there is no spring
i.e. KA = 0. The equilibrium path crosses the zero force (P = 0) axis at
three points which correspond to static equilibria. Equilibrium
points are stable when the corresponding stiffness is positive, so
it can be seen that the structure in this case is symmetrically-
bistable, with the stable states being the initial undeformed conﬁg-
uration, and the geometrically identical conﬁguration when end A
is displaced by 2h. In this second stable state, spring B is uncom-
pressed. The middle static equilibrium point is unstable.
The effect of increasing KA is to rotate the equilibrium path anti-
clockwise about the origin. It may be seen in the ﬁgure that the
second limit point – corresponding to the transition from negative
to positive stiffness – in the equilibrium path intersects the P = 0
axis at a value of KA = Kcrit. As KA is increased beyond this value,
the structure is no longer bistable as there is only one stable static
equilibrium point. This occurs at the undeformed, i.e. d = 0,
conﬁguration.
From these elastic responses it is possible to infer the behaviour
of the structure when the springs are viscoelastic. For a given initialA
35
40
2
relaxation
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rapidly transitioned by displacement control from its initial conﬁg-
uration, through the unstable region between the ﬁrst and second
limit points, to a conﬁguration past the second limit point. A rapid
transition is deﬁned as taking place over a duration which is a
small fraction of the relaxation time of the material. Consequently
the response of a viscoelastic structure over a rapid transition is as
if elastic with fully-unrelaxed stiffness, and a value of Kcrit may be
deﬁned. If the unrelaxed stiffness of spring A, denoted KAU, is great-
er than Kcrit, immediately on release, i.e. on removal of displace-
ment control, the structure will return the nearest stable zero
force conﬁguration. In this case this is its initial undeformed state.
If, however, instead of being immediately released the structure
is maintained in a conﬁguration beyond the second limit point,
material relaxation will begin. As noted above, the geometry of
the structure is such that when d > h the extension of spring A con-
tinues to increase whilst the extension of spring B reduces to zero.
This means that spring A will relax while spring B remains unre-
laxed, according to the behaviour indicated by Eq. (3). Provided
the relaxed stiffness of spring A, denoted KAR, is less than Kcrit, when
the structure is released by the removal of displacement control,
following a period of relaxation, it will temporarily appear to be
bistable, remaining in a zero force conﬁguration beyond the second
limit point. At this point, spring A will begin to recover and the
location of the second limit point will follow the locus shown in
Fig. 4. When its stiffness has recovered to a value equal to Kcrit,
the structure reverts from bistable to monostable and will jump
back to its initial conﬁguration – a self-actuated snap back. It can
therefore be seen that a full cycle between two geometrically dis-
tinct conﬁgurations may be achieved by means of a single unilate-
ral actuator.
It may of course also be seen that if KAU < Kcrit the structure will
be bistable regardless of the degree of relaxation of the springs.
Similarly, if KAR > Kcrit the structure will always be monostable.
The existence of temporarily-bistable self-resetting viscoelastic
structures has been inferred from the purely elastic response of
the structure. In the following section, numerical analysis will be
used to demonstrate that such behaviour may be achieved in
practice.
4.2. Viscoelastic snap-through truss
The viscoelastic structure that will be considered is shown in
Fig. 5. It is geometrically the same as the structure in Fig. 3 but
the springs at both ends of the rigid member are replaced with a
viscoelastic spring having the properties of the standard linear so-
lid introduced in Section 3. The geometric and material properties
are speciﬁcally chosen to result in a structure which illustrates theP, δ
A
B
Fig. 5. A single rigid truss supported at both ends by viscoelastic springs.temporary bistability phenomenon. The structure is assigned the
values h = 10 mm and w = 20 mm. A complete cycle between the
stable states requires a combination of both displacement- and
force-control. For this reason, it is not practical or advantageous
to seek an analytical solution, so instead a ﬁnite element numerical
analysis approach is adopted.
The commercial ﬁnite element code Samcef (Samcef Finite
Element Package (2009)) is used. Viscoelastic springs A andB are de-
ﬁned such that they have unrelaxed stiffnesses of KAU = 0.12
N/mm and KBU = 60.0 N/mm respectively. The relaxed stiffness of
both springs is half the unrelaxed value. The relaxation time is
s = 2.0 s. The properties are chosen to illustrate the self-actuated
snap back effect. The boundary conditions of the rod ends are as
shown in Fig. 5 and the rod is modelled with a single rigid element.
The loading regime consists of a displacement-controlled transition
and relaxation, followed by a force-controlled recovery. The
displacement d consists of an initial, rapid, linear increase from
0–20 mm in 0.1 s, followed by a hold of 0.9 s. The displacement con-
trol is then released and the analysis is continued until the structure
has recovered its initial conﬁguration. A nonlinear quasi-static anal-
ysis is adopted using a Newton–Raphson implicit iterative scheme
with automatic time-stepping. The evaluated force–displacement
response of the structure is shown in Fig. 6, and the corresponding
displacement–time response is shown in Fig. 7. This corresponds
to a single pulse in the lower right hand graph of Fig. 1.
The force–displacement response shows that the form of the
initial rapid transition (1–2) is indicative of monostability. The
relaxation phase (2–3) results in a reduction of the effective restor-
ing force of spring A such than when it is released (3–4), the struc-
ture settles in a temporarily bistable conﬁguration. In the absence
of external force or prescribed displacement, the structure then
recovers (4–5) until the second limit point rises above the zero-
force axis and the temporary bistability is lost. The structure then
jumps to a low-energy stable conﬁguration (6) which is not exactly
the initial conﬁguration as, during the force-controlled regime,
spring B undergoes a small degree of relaxation. The structure then
continues to recover (6–1) until the initial conﬁguration (1) is
re-attained.
The time-displacement plot in Fig. 7 illustrates the signiﬁcant
advantage of incorporating viscoelasticity and self-actuating snap
back into a cyclic system. It may be seen that the unilateral actua-
tion in the example structure is required for a total of 1.0 s. At the
expense of a reduction in displacement (3–4), which could be0 0.5 1.0 1.5 2.0
0
5
10
15
20
25
30
δ /h
P 
(N
)
3
5 41 6
displacement-controlled transition
force-controlled recovery
dynamic snap back
Fig. 6. The force–displacement response of the example viscoelastic structure
illustrating temporary bistability and self-induced snap back.
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Fig. 7. The variation of d/h with time for a one degree of freedom viscoelastic
structure subject to displacement-controlled actuation, illustrating the temporary
bistability effect.
0 1 2 3 4 5
0
0.5
1.0
1.5
2.0
t (s)
δ/
h
dynamic snap back
force-controlled actuation
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Fig. 8. The variation of d/h with time for a one degree of freedom viscoelastic
structure subject to force-controlled actuation, illustrating the temporary bistabil-
ity effect.
Fig. 9. Jumping hemisphere in its initial and temporarily-bistable inverted
conﬁgurations.
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material model, the structure remains in a deformed conﬁguration
for a further 0.7 s which would require continued actuation, and
hence power expenditure, in an elastic system. Following the
self-induced dynamic snap back the structure continues to recover
for approximately a further 2.0 s. Small accumulated errors in the
numerical procedure mean that the original conﬁguration is not
exactly achieved. This error corresponds to 1.5% of the maximum
deﬂection. In practice the original conﬁguration would be fully-
recovered. At this point the cycle may be repeated ad inﬁnitum.
It is worth noting that displacement-controlled actuation is as-
sumed throughout this paper. Many current actuation technologies
would, however, cause a force-controlled change in conﬁguration.
In this case, similar behaviour may be observed, as shown in Fig. 8.
The primary difference when compared to the displacement-con-
trolled case is that actuation is required for 1.25 s instead of
1.0 s. This is due to the use of a standard linear solid viscoelastic
material model – the material creep time constant sr is longer than
the relaxation time constant sc deﬁned in Eq. (3), having a value of
sr ¼ g E1 þ E2E1E2 ð5Þ
in which the terms are as deﬁned in Fig. 2.
5. Continuum systems
The previous section has illustrated that viscoelasticity can re-
sult in temporary structural bistability and self-actuated snap back
for a single degree of freedom structure. However, many engineer-
ing structures are continua and it is therefore necessary to investi-
gate whether temporary bistability effects may be observed in this
case. The continuum structure that is considered is a hemispherical
dome subjected to a point load and a base rotation. This is a well-
understood problem for the case when an elastic material is as-
sumed (Brodland and Cohen, 1987): depending on the thickness
of the hemispherical shell, the structure is either bistable or
monostable. Analytical solutions that adequately capture the
post-buckling response do not exist, and for this reason numerical
approaches must be adopted. When viscoelastic material proper-
ties are assumed, it will be shown that a temporary bistability phe-
nomenon, similar to the single degree of freedom case, may be
observed.5.1. Jumping hemispherical domes
The temporary bistability effect has potential use for many cyc-
lic actuated systems due to the ability to reduce actuation require-
ments. However, a readily-available demonstration, and one of the
sources of inspiration for the work in this paper, may be found in
the jumping structure shown in Fig. 9. The structure consists of a
hemisphere of radius 50 mm with a lip at the base, and the thick-
ness of the shell is approximately 4 mm. The shell is fabricated
from a viscoelastic rubbery polymer. If the shell is rapidly transi-
tioned into an inverted conﬁguration and released it will return
to its initial state. If the structure is held in an inverted conﬁgura-
tion for sufﬁcient time, however, it remains in a temporarily-
bistable inverted conﬁguration for a brief length of time before
snapping back. The most common current application is a toy that,
when it is placed on a surface in its inverted conﬁguration, after a
time jumps approximately 1 m accompanied by a popping noise as
a result of self-induced snap back. Both the jump and the noise are
indicative of a high-frequency release of strain energy stored in the
temporarily bistable conﬁguration.
This behaviour is similar to that observed for the single degree
of freedom system considered in Section 4. In the following section,
it will be shown how this temporarily-bistable behaviour arises,
and how it may be predicted for a system fabricated from a visco-
elastic material.5.2. Elastic hemisphere behaviour
In order to demonstrate how the behaviour observed for the
jumping hemisphere arises, a simpliﬁed axi-symmetric model is
yx
1
2
δ
θ
lip
hemisphere
Fig. 10. Axi-symmetric lipped hemisphere ﬁnite element model showing boundary
conditions and controlled degrees of freedom.
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properties are assumed – this is then used to infer the viscoelastic
response. The model is illustrated in Fig. 10. The hemispherical sec-
tion is modelled with 100 two-node axi-symmetric Mindlin shell
elements, and the lip section with 10 elements. This is an appropri-
ate hypothesis for thick shells and accounts for transverse shear in
addition to bending. The radius of the hemisphere is determined by
the coordinate of point 1, and the length of the lip at the base is
determined by the coordinate of point 2. Boundary conditions are
as shown: point 1 is constrained to remain on the axis of symmetry
(y-axis) and point 2 is constrained to remain on the x-axis. As with
the analysis described in Section 4.2, solution is geometrically-
nonlinear and quasi-static using a Newton–Raphson implicit itera-
tive scheme with automatic time-stepping.
Inversion of the hemisphere may be carried out by displace-
ment control of either of the two degrees of freedom shown in
Fig. 10: vertical displacement d of point 1, and rotation h about
the z-axis at point 2. It has been demonstrated in Brodland and
Cohen (1987) that the effect of increasing d alone and leaving h
unconstrained, when the structure is fabricated from an elastic
material, is to invert the hemisphere past a limit point. The
inverted conﬁguration may be shown to be stable if the shell thick-2040
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Fig. 11. Strain energy surface for a hemisphere assuming elastic behaviour equivaleness is less than a critical value, such that the hemisphere is bistable
and will remain fully inverted when the displacement control is re-
leased. If the shell thickness is greater than the critical value, the
hemisphere is monostable and will return to its original conﬁgura-
tionwhen the displacement control is released. The same behaviour
may be observed when h alone is applied and d is unconstrained. In
neither case is the temporary bistability phenomenon present.
When both degrees are freedom are simultaneously subjected
to displacement control, however, the behaviour is more complex.
If the potential energy surface P is evaluated for an elastic hemi-
sphere as d and h are varied, it is observed that a cusp is present.
This is illustrated for a hemisphere of radius 25 mm, thickness
3.25 mm, and no lip in Fig. 11. Note that in the ﬁgure, only the re-
gion of the cusp is shown. It can be seen that, away from the cusp,
the stored strain energy strictly increases when both degrees of
freedom are increased, and this is also the case where the strain
energy is not shown for less deformed conﬁgurations. This partic-
ular hemisphere geometry is therefore monostable when d and h
are controlled individually.
We now consider three displacement-controlled transitions,
varying both d and h, from the undeformed hemisphere – A, B
and C – which are indicated on Fig. 11. The paths to A and B do
not cross the cusp, so when the displacement control is released,
the structure will return to the initial conﬁguration with d and h
reducing at the same rate. The path to C, however, crosses the cusp
and this means that, when displacement control is released d is
prevented from reducing as this entails the addition of energy in
order to traverse the ‘wall’ of the cusp. Consequently, h ﬁrst has
to reduce sufﬁciently to pass the end of the cusp before d can begin
to recover to the initial conﬁguration. When an elastic structure is
assumed, in all cases the return to the initial state will occur rap-
idly. This behaviour may be used to infer the behaviour of the
hemisphere when viscoelastic material properties are assumed.
This is described in the following section.
5.3. Viscoelastic hemisphere behaviour
When the hemisphere is constructed from a viscoelastic mate-
rial it is no longer possible to deﬁne a potential that is unique for
a given conﬁguration. However, in a similar fashion to the analysis
of the single degree of freedom system in Section 4, it is possible to30
40
50
δ (mm)
B
nt to the viscoelastic fully-unrelaxed response, showing the presence of a cusp.
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ture in its two bounding conditions – relaxed and unrelaxed. The
response in these two extreme states will bound the response of
the viscoelastic structure and in both cases will exhibit the same
cusped form as shown in Fig. 11.
If the viscoelastic hemisphere is rapidly transitioned from its
initial conﬁguration along a displacement-controlled path similar
to the ﬁrst half of path C in Fig. 11 to a location beyond the cusped
region, the instantaneous response will be the same as the elastic
case. If the structure is then held in this conﬁguration until the
material is fully-relaxed and then released, it will remain in its
new conﬁguration and the material will begin to recover. The cusp
is still present when the instantaneous response is evaluated for
the material in its fully-relaxed state, so the d component of the
displacement is prevented from reducing by the wall of the cusp.
The rotation h will reduce, but slowly as the material is relaxed.
The hemisphere is therefore temporarily bistable in terms of d,
but not in terms of h.
When the structure has recovered such that h has passed the
base of the energy cusp – evaluated for the instantaneous stiffness
which will be between EU and ER – the reduction of d is no longer
prevented and the structure then rapidly transitions back towards
its original conﬁguration. In terms of d this will appear identical to
the self-actuated snap back observed for the single degree of free-
dom system. The structure will then continue to recover until it at-
tains its original state, at which point the cycle can be repeated.
To illustrate this inferred behaviour, a hemispherical structure
of radius R = 25 mm, a shell thickness of T = 4 mm, and a lip of
length of L = 3.75 mm is considered. This is representative of the
geometry of the hemisphere shown in Fig. 9, and is shown as con-
ﬁguration 1 in Fig. 12. The bold line in this conﬁguration corre-
sponds to the the axi-symmetric ﬁnite element model shown in
Fig. 10. A standard linear solid viscoelastic material model is as-
sumed. The material has an unrelaxed modulus of EU = 300 N/
mm2, a relaxed modulus ER = 150 N/mm2, and a constant Poisson’sFig. 12. Sequence of conﬁgurations of a lipped viscoelastic hemisphere sratio of 0.3. In order to achieve 90% material relaxation in 1.5 s, the
relaxation time constant is evaluated from Eq. (3) to be sc = 0.65.
The structure is ﬁrst rapidly transitioned over 0.1 s by means of
displacement control to a conﬁguration with d = 40 mm where it is
held for a further 0.9 s. Over the same 1.0 s, h is increased to 45.
This is the inverted but unstable conﬁguration 2 in Fig. 12. The
structure is then deformed to conﬁguration 3 by the application
of an additional rotation h0 = 20 over 0.5 s while the displacement
d is maintained. The displacement control is then released. From
the perspective of the displacement d, conﬁguration 3 is bistable
as it is prevented from reducing by the wall of the energy cusp. On
release, the rotation h immediately starts to reduce as the material
recovers, but this takes place at a slow rate due to the relaxed state
of the material. When the rotation has reduced sufﬁciently to pass
the base of the cusp, the displacement d is no longer restrained,
the temporary bistability is lost, and the structure dynamically
jumps to conﬁguration 4 in a self-actuated snap back. From
Fig. 12, it can be seen that conﬁguration 4 is not the same as the
initial conﬁguration because the material is not fully-recovered.
The initial conﬁguration is achieved when all recovery has taken
place and the cycle may be repeated.
For comparison with the behaviour of the single degree of free-
dom system analysed in Section 4, and as the temporary bistability
exists from the perspective of the displacement d only, it is worth-
while to see how this displacement varies with time. This variation
is plotted in Figs. 13–15 using a bold line. Self-actuated snap back
is indicated by an arrow. It may be seen that, although the mech-
anism is different, the form of the graph is the same as seen in
Fig. 7. Consequently the same beneﬁts are available, for example
the time-delayed recovery of stored strain energy, and the possibil-
ity improve efﬁciency by actuating only a fraction of the cycle, as
the structure will recover its initial conﬁguration following the dy-
namic snap back.
It is of interest to investigate the effects of variation of the mate-
rial and geometric parameters on the structural behaviour. This isubjected to combined displacement and rotation and then released.
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Fig. 13. Effect of varying the relaxed to unrelaxed modulus ratio (ER/EU) from 0.35
to 0.60 on the self-actuated snap back behaviour of a viscoelastic hemisphere.
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Fig. 14. Effect of varying the thickness to radius ratio (T/R) from 0.07 to 0.22 on the
self-actuated snap back behaviour of a viscoelastic hemisphere.
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Fig. 15. Effect of varying the lip to radius ratio (L/R) from 0.25 to 0.05 on the self-
actuated snap back behaviour of a viscoelastic hemisphere.
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moduli, the ratio of the hemisphere thickness to hemisphere ra-
dius, and the ratio of lip length to the hemisphere radius. The effect
of variation of the modulus ratio is shown in Fig. 13. It can be seen
that the effect of decreasing this ratio from the initial value of 0.5 is
to extend the time duration before snap back occurs until a value of
(ER/EU) = 0.40 when it no longer exists and the structure recovers in
a smooth fashion. The effect of increasing this ratio i.e. reducing
the viscoelastic nature of the material is that above a value of
(ER/EU) = 0.55 temporary bistability no longer exists and when
the structure is released from the displacement-controlled regime
it immediately reverts to a state close to its initial conﬁguration.
The effect of variation of the hemisphere thickness to radius ra-
tio is shown in Fig. 14. Increasing this ratio from its initial value of
(T/R) = 0.13 reduces the propensity of the structure to snap back
dynamically. Decreasing the ratio below a value of (T/R) = 0.10 re-
sults in a complete loss of temporary bistability. Finally, the effect
of varying the lip length from its initial value of (L/R) = 0.15 on the
temporarily bistable behaviour is plotted in Fig. 15. In this case the
presence of a lip makes minimal difference to the structural re-
sponse beyond a value of (L/R) = 0.10. However, below this value
the structure behaves as a conventional bistable hemisphere –
when it is released it remains indeﬁnitely in a deformed conﬁgura-
tion, recovering to a fully inverted state.
It is clear that temporary bistability and self-actuated snap back
effects are strongly dependent on both the geometric and material
properties which are themselves highly coupled. It is not possible
therefore to develop speciﬁc rules to ensure that a given structure
exhibits the desired properties. Designs must therefore be consid-
ered on a case by case basis.6. Conclusions
This paper has investigated the phenomena of temporary bista-
bility and self-actuated snap back. These may both occur when the
effects of material viscoelasticity are considered, and have been
demonstrated to provide the ability to reduce actuation require-
ments substantially in cyclic systems. Both single degree of free-
dom and continuum structures have been demonstrated which
exhibit these effects, and the underlying mechanics have been
examined. The presence of viscoelasticity makes closed-form solu-
tion impossible in all but the simplest cases, and for this reason a
numerical approach has been adopted in order to quantify the
structural properties.
For the examples considered, a standard linear solid viscoelastic
material model has been assumed which varies between two ex-
tremes of stiffness: relaxed and unrelaxed. It has been shown that
analysis of the elastic response of a structure in these two extreme
states is sufﬁcient to drawmany conclusions about, and predict the
properties of the same structure having viscoelastic material prop-
erties. The standard linear solid is qualitatively, if not quantita-
tively, representative of the behaviour of many engineering
polymers, and consequently the described phenomena may be
realized in physical systems with more complex viscoelastic mate-
rial properties. An example of such a physical system – the jump-
ing hemisphere – was shown.
In the work presented above, the frequency response of the
structures – for example temporary bistability duration – was
not substantially investigated. It was shown, for example, that
choosing a relaxation time that enabled 90% material relaxation
during the actuation period resulting in a temporarily bistable
hemisphere. More detailed investigation was not carried out be-
cause frequency requirements are application speciﬁc and are
governed by the viscoelastic material properties. The possibility
is, however, raised that for applications requiring a particular
M. Santer / International Journal of Solids and Structures 47 (2010) 3263–3271 3271frequency response, dedicated viscoelastic materials with tailored
properties could be developed.
In the design of many structures, particularly those with multi-
ple stable states, viscoelasticity has conventionally been consid-
ered undesirable and detrimental to structural performance. In
this paper, it is hoped that it has been demonstrated that viscoelas-
ticity in some cases can be beneﬁcial, particularly for cases in
which a cyclic response is desired, and enables stored energy to
be recovered, leading to improvements in actuation efﬁciency.References
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